Accurate quantification of forest carbon stocks is required for constraining the global carbon cycle and its impacts on climate. The accuracies of forest biomass maps are inherently dependent on the accuracy of the field biomass estimates used to calibrate models, which are generated with allometric equations. Here, we provide a quantitative assessment of the sensitivity of allometric parameters to sample size in temperate forests, focusing on the allometric relationship between tree height and crown radius. We use LiDAR remote sensing to isolate between 10,000 to more than 1,000,000 tree height and crown radius measurements per site in six U.S. forests. We find that fitted allometric parameters are highly sensitive to sample size, producing systematic overestimates of height. We extend our analysis to biomass through the application of empirical relationships from the literature, and show that given the small sample sizes used in common allometric equations for biomass, the average site-level biomass bias is ~+70% with a standard deviation of 71%, ranging from −4% to +193%. These findings underscore the importance of increasing the sample sizes used for allometric equation generation.
. Much research in the field of forest carbon mapping has focused on the development of remote sensing approaches to map biomass; in particular examining statistical methods for bringing together field and satellite data that permit estimation of carbon stocks and their associated errors [4] [5] [6] [7] [8] [9] [10] [11] . Considerably less attention has been given to the accuracies of the field-based estimates themselves [12] [13] [14] . Virtually all field estimates of biomass rely on the application of allometric equations relating properties that can be measured in the field, such as stem diameter and height, to individual tree carbon stock 15 . These allometric equations are typically derived through the destructive sampling of a relatively small number of trees that have been measured and felled to assess their carbon stock. Equations are generated either for individual species 16, 17 , groups of species 15, 18 or for geographic regions 19, 20 . In the tropics, it has been demonstrated that allometric equation selection is the primary source of error in tropical field-based biomass estimates, and that the sample size of trees used to generate allometric equations was one of the primary drivers of this error [12] [13] [14] . In temperate systems, allometric equations generated with small sample sizes are widely applied, with popular allometric equations being built with average sample sizes of 23 15 , 81 21, 22 or a few hundred [23] [24] [25] [26] destructively sampled trees per species. The effects of these relatively small sample sizes on allometric equation development in temperate systems are unknown because data to test allometric parameter sensitivity to sample size have been previously unavailable. However, new remote sensing methods allow the extraction of individual tree properties across wide areas, with large sample sizes, and thus provide an alternate means to assess the impact of sample size on allometric parameterization 27 . LiDAR remote sensing is now a well-established means of obtaining individual tree height and crown dimensions, not just for a few hundred trees, but for millions of trees across entire landscapes. This is particularly feasible in temperate forests with relatively simplistic structures and open canopies where LiDAR has been demonstrated to most accurately extract individual crown information 27 . Allometric equations can be developed between any number of tree structural properties, not just related to biomass but also describing relationships such as between stem diameter and height or crown diameter and height [28] [29] [30] . In this study we focus on an analysis of the impact of sample size on the generation of allometric relationships between crown radius and tree height, because we do not have direct measurements of biomass with LiDAR. However, these results are important for biomass estimation in two ways. First, if crown radius is an appropriate proxy for stem diameter, which we assert, then these results have direct implications for biomass estimates that rely on diameter to height relationships 14, 19, 20 . Second, these results have implications for biomass estimates that are not dependent on height, but estimated from diameter alone, because tree structural allometric relationships have been demonstrated to scale in the form of power laws [31] [32] [33] , and thus we can translate between structural allometries to infer how the error on fitted parameters for any one allometric equation will potentially impact another. We fit parameters to allometric equations relating LiDAR-derived height and crown radius, and translate observed biases in fitted parameters to expected biases between stem diameter and biomass through the application of regionally applicable empirical scaling relationships.
Results
The Effects of Sampling on Allometric Parameters. In each of our six study sites, the relationship between crown radius and tree height is highly variable (Fig. 1) . We simplify these relationships as power laws describing the median height in a 25 cm crown-radius bin. These site-level equations (Fig. 2) are developed with the full sample size at each site. We then extract samples of trees from our LiDAR datasets, and fit power laws relating median height to crown radius bin for various sample sizes, in an attempt to assess the sensitivity of allometric parameters to sample size. We use two different sampling strategies for this analysis: random sampling and stratified sampling (see Methods). We assess the sensitivity of the two power law parameters, the exponent, α , and the scalar, β , for each sampling strategy.
Random Sampling. As sample size increases, there is a consistent decrease in α (Fig. 3) , and a corresponding increase of β (Fig. 4) , with both values approaching an asymptote at the population value (represented by the vertical red lines on Figs. 4 and 5). These trends are consistent across study sites. Taken alone, an overestimation of α would yield an overestimation in height for large crown radii, while an underestimation of β would yield an underestimation of height.
Stratified Sampling. For our stratified sampling approach, our results are generally similar to those found with random sampling, suggesting that the trend of overestimating α , and underestimating β at small sample sizes is not a function of sampling strategy. However, the fitted parameters converge to different values using stratified sampling than random sampling. In most sites, parameters approach higher values of α and lower values of β . This represents a more linear relationship (higher α ) between height and crown radius, with a shallower slope (lower β ). Deviations from site-level parameters are generally larger with stratified sampling than with random sampling.
Carbon Implications. To address expected biomass implications, we use equation (7) (see Methods) to estimate tree biomass as a function of crown radius and our allometric parameters, α and β . Summing these tree level estimates over the number of trees found in each study area, we estimate the deviation from site-level biomass as a function of sample size for random sampling (Table 1 ) and stratified sampling (Table 2) . From here forward, we refer to error as this observed deviation from site-level estimated biomass. Results vary considerably across our six study sites and between our two sampling strategies. However, we generally overestimate site-level biomass when using allometric equations developed from small sample sizes. The mean site-level overestimations are presented as a function of sample size in Fig. 5 .
Our analysis shows that the parameterization of allometric equations varies considerably as a function of sample size. Our results corroborate the findings of Chave et al. (2004) and Hunter et al. (2015) but suggest that in some forests, the potential impact of using allometric models based on small sample sizes for biomass prediction extends well above Chave's 30% error, in some cases causing overestimations of more than double the presumed biomass. This overestimate of biomass is caused by the under sampling of large trees, because of the non-linear relationships between both crown radius and height, and crown radius and biomass. When we only sample smaller trees, we fit more linear relationships. When extended over the full tree size distribution of an area, this overestimates the height and biomass of large individuals. It is therefore important to sample the full tree size distribution over which allometric equations will be applied. There are three important trends visible in Tables 1 and 2 . First, as sample size increases, errors in biomass estimation decrease because a higher number of large trees are sampled (Fig. 5) . Importantly, in all sites but Gus Pearson, biomass is overestimated with small sample sizes, and this overestimation decreases as more trees are sampled. Second, stratified sampling typically yields lower overestimations than random sampling for the smallest sample size (n = 30), because it samples the size distribution Figure 5 . The deviation from the site-level biomass estimated using the full sample size, as a function of sample size. Random sampling yields lower overestimations, on average, and approaches zero bias with a sample size of 500, while 500 samples retains an ~20% overestimate in site-level biomass for the stratified sampling approach. in each pseudo plot, ensuring some small and some large trees are included in each sample. However, stratified sampling yields comparable or higher overestimations for larger sample sizes (n > 80). Third, there is considerable variability in overestimations between sites, and this variability also decreases with increasing sample size. In general, random sampling is more accurate than stratified sampling for larger sample sizes (n > 80). This is because the stratified sampling skews the sampling towards the largest and smallest trees (tails of the distribution) allowing a more representative sample for the smallest sample sizes, but over sampling large and small trees as the sample size increases.
Focusing on the results from stratified sampling, as these are likely more representative of real world forest mensuration, we see that at a sample size of 30, consistent with the average sampling from Jenkins et al., (2003) , there is an overestimation of site level biomass ranging from 20% at Hubbard Brook to 193% at Teakettle. The two largest overestimations, at SERC and Teakettle, are likely because these are the sites with the largest trees, and biomass overestimation will increase with tree size. Therefore although the fitted parameters deviate more from site level values at Hubbard Brook than at Teakettle, the higher proportion of large trees at Teakettle yields a larger site level overestimation of biomass.
Discussion
Improving Allometric Equations. We show that allometric parameters are sensitive to sample size, and that parameters are systematically biased as a function of small sample sizes across six forested sites in the United States. Our analysis on the carbon implications of these results suggests that we may be systematically overestimating field carbon stocks in North America through the application of allometric equations developed with small samples sizes. This problem has been difficult to address in the past because of a lack of destructively sampled trees 34 , and consequently we have not been able to quantify the potential carbon implications of small sample sizes in temperate systems. Nonetheless, the magnitude of these biases confirms for temperate forests what others have suggested for tropical forests: that a much more thorough analysis of forest allometry is needed. These results may also have implications for allometric equations developed to estimate below-ground biomass, which are also based on small sample sizes of destructively sampled root systems 35 .
In this study we demonstrate the utility of LiDAR data for population-level analyses of forest structure. We rely on data acquired in North America where there is wide availability of high point density LiDAR datasets and relatively simple forest structures that allow the extraction of individual crown information from the LiDAR data. This research would be more difficult to conduct in tropical forests, where complex, intertwined canopies are more problematic to delineate. However, improvements in delineation algorithms, wider availability in high point density LiDAR datasets, and fusion with terrestrial scanning LiDAR could soon enable a complimentary study focused specifically on tropical systems.
We conclude that past sample sizes have been insufficiently large to accurately parameterize allometric relationships in temperate forests. The same technology we use to illuminate the problem of small sample sizes could also be used to remedy it. The limiting factor here has always been the destructive sampling of trees, and we believe that destructive sampling may no longer be a requirement, given recent advances in LiDAR technologies, particularly highly portable ground-based LiDAR 36 . Highly precise estimates of individual tree volumes are increasingly available 37 . These estimates do not require the destructive sampling of trees, and can be conducted in a systematic fashion in the field. As such, much higher sample sizes can be acquired, including samples of very large trees for which destructive sampling would be logistically impractical. In tandem with an increased understanding of the variability of wood densities 38, 39 , these individual tree volume measurements could be used to produce the sample sizes necessary to reduce biomass bias at the individual tree level. With appropriate sampling and campaign design, a system could be developed to sample in situ tree volume across environmental gradients, providing a potential solution to outstanding problems related to forest allometry.
Methods
Study Areas. We use forested areas in the United States, selecting sites with a range of species compositions, ages, and management practices in order to determine how variable the effects of sample size are on allometric equations across disparate conditions. High-resolution airborne LiDAR data were acquired over each study site and processed through an individual tree detection algorithm 27 .
Teakettle Experimental Forest, Sierra Nevada, California. Teakettle is located within Sierra National Canopy Delineation. Individual tree metrics are derived from the LiDAR point cloud through a multilayered canopy delineation algorithm 27 that is capable of accurately extracting crown dimensions from both coniferous and deciduous trees, and from understory and overlapping crowns. In a previous study, we tested this algorithm in two of the six study areas used in this analysis, and found that it performed best in open conifer forests, but even in closed-canopy deciduous forests was able to accurately extract ~70% of dominant crowns 27 . Although errors of omission and commission will always occur when attempting to detect every tree across a landscape, we have demonstrated that the tree size distributions gleaned from the LiDAR delineation match those found in the field datasets ( Supplementary  Figures 1 and 2) . Because the algorithm has been tested in both conifer and deciduous high-biomass forests and can be run without requiring local parameterization, it is ideal for our study as it allows a comparison of tree crowns and heights across a variety of forested ecosystems. The algorithm is run on the Pleiades supercomputer at NASA Ames as part of the NASA Earth Exchange.
Allometric Equation Fitting
. Individual tree heights and crown radii are extracted from the LiDAR point cloud at each study area, all of which include a very high number of delineated crowns with differing tree size distributions. To remove the influence of tree size distribution or outliers on our analysis, we bin our data by calculating the median tree height in 0.25 m crown radius bins. For a more thorough discussion of the effects of binning, refer to the Supplementary Information (SI Figs. 3 and 4) . Log-log linear models provide the best descriptions of the relationship between stem diameter and Height 32 . Accordingly, we fit a model in the form of a power law using the full tree dataset at each study site to produce a set of site-level scaling parameters. Each power law model is fit using Model 2 regression on log transformed, binned data with ranged major axis (RMA). RMA is used because errors exist in the estimation of both tree heights and radii 43 . The relationship between height and crown radius is given by: where H is height, CR is crown radius, and β and α are the scaling parameter and fitted exponent, respectively. The allometric parameters that are calculated using the full population of delineated trees at each site are assumed to be the true scaling parameters representing the allometry at each site. We extract samples from the full dataset to assess the influence of sample size on the fitted parameters. From the literature, studies either do not report how they selected trees to fell, or report that they selected trees that appeared representative of the apparent size distribution. To represent both random selections of trees and stratified selections of trees, we use two sampling strategies in this paper: (1) random sampling, and (2) stratified random sampling.
Random sampling. We iteratively generate samples from our full dataset in each study area, selecting trees randomly with sample sizes increasing by 5, from n = 10 until the full number of trees at each study site. For each randomly sampled set of trees, we follow the model fitting procedure used for the site-level analysis, as outlined above. As random sampling produces highly variable fitted parameters, we iterate the random sampling 500 times for each sample size, and calculate the average parameter over the 500 iterations to produce a single average estimate of α (the scaling exponent) and β (the scaling coefficient) for each sample size.
Stratified Random Sampling.
In an attempt to simulate a more realistic approach to sampling in the field, we also apply a technique that samples trees that are spatially clustered. We adopt a stratified sampling scheme that is approximately representative of field mensuration. It should be noted, however, that sampling for biomass equation development varies considerably, often based on arbitrary decisions made in the field. In our stratified sampling approach, we simulate sampling at a pseudo plot-level. We randomly select locations within each study area, and extract all trees in a 30 m plot corresponding to each randomly selected location. We then select five trees from within each plot, taken at the 10 size are divided by the biomass estimate using the site-level allometry to give a percentage over-or underestimate of biomass for each site as a function of sample size. Note that the effects of binning will be the same on the population-level and the sampled analyses, and therefore will not affect our results.
Regional Allometric Parameters. In order to translate between our observed allometry, equation (1), and potential biomass implications, equation (7), we rely on the use of empirically derived regional allometries relating crown radius to stem diameter, equation (5) , stem diameter to height, equation (2) and stem diameter to biomass, equation (3) . We assume that crown radius scales linearly with stem diameter 31, 44 , and rely on the assumption that regional allometries are applicable to our study sites. We take exponents for equation (2) from the freely available U.S. Forest Service's Forest Inventory Analysis (FIA) dataset by extracting individual stem diameter and height measurements for the county corresponding to each study location and fitting an empirical allometric equation in the form of a log-log linear relationship, assuming that the slope represents the exponent in equation (2) These exponents are presented in Table 3 .
For equation (3) , stem diameter to biomass, we rely on recent generalized allometric equations applicable to U.S. forests 18 . These generalized equations are based on a meta analysis, combining species-specific localized equations into more generally applicable ones, based on wood specific density and species structural form. We select the generalized allometric equation or equations in each study site corresponding to the dominant species available. Table 4 provides information pertaining to the selected species at each site.
For both sets of empirically fitted allometries there is a scalar and an exponent, however we only use the exponent in this analysis. This is because we do not focus on the precise estimation of biomass at a given study site, but on the over-or underestimation of biomass as a function of sample size. Therefore the scalars for each of the equations (2-6) combine to a single scalar in equation (7) that does not impact the over-or underestimations reported in Tables 1 and 2 . Table 4 . Average allometric parameters relating stem diameter to biomass for the dominant tree species found at each study site. The average exponents are used as the b coefficients in equation (3). Spg is the specific gravity of wood for a given taxa.
